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1. {15%) TFind,if possible, an equation of a plane that containg the foliowing given

points {0, 1, 0500 1, rand (0.3, -1)

[(#21] 2FASE R EREC =5

HE x-y=-1-

2. {20%) Forthe given miatrix

A Py
Al ] i
U S

{a} Find the pigenvalues

{I:) Find the corresponding eigenvectors

o

{c) Are the eigenvectors arthogonal?

o

{d} If'yes, find the orthonomal eigenveciors
[#2R]

(a) Bl =-2,1,0

(b) REmE=-2]1]0

(c) =i

/6 || ~1/43 1/2
(d) |2/6 | 1743 || 0
/46 || 1743 | |1/42
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[#er]

WEE R 1 §F -dr = [[(Vx F)-AdA

J
VxF=| — % :();+()A+y2]€

>

W kAR A=k o
GF-dr = [[(VxF)-hdd = [[((-+)i +(-+) ]+ ¥*k)- (k)dA

3, o _8lx
= jo jo (* sin® O)rdrd = ==

(20%)  Using boundary conditions

= wWhis0,
find the soluttons w{x) amd v(x); Uexgl, lothe following svsiemy of

ordinary differential equalions (ODEs) of {a) and (b)
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& (30%)  Starting each time from inftial conditions

#xUy=cosx, —wr<w,
find the sclutions 2(x,7) 1o the following pardal differential cquations (PDESs)
of {a), (b) and {¢)

dz O
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{d} Draw your solutions to al-c) al representative Himes £ 4 4
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@)@ﬁ@ﬁﬁ%ﬁz%:“:”’%ﬁﬁwég‘”“a,

XCZZf(Cl) ’ ﬁﬁj/\/LZ:f(x_ZZ) ’

FRAMHAFRIE © 2(x,0)=cosx > H[fF * z=cos(x~2) °

@)@%@ﬁﬁﬁ:%:§
Me,=f(e) » Fillz=1+f(x-21) >

A UER G - z(x,O):cosx » T - z:t+cos(x—2t) 0

(o) PR (EME - e —NE - BRAEMEE > (e NEf)
(EQasPaytis = or i
HIDISBRRR Z(x,l):Lwe*““”(A(a))cosa)x+B(a))sina)x)da) ’

RAVIIARAERIFD A(0) = %I: cosxcoswxdy, B(w)=0 °

(d) HEERFE -

fEZ efa M ERE - RS ZEAEE -

(a),(b) Wi/ NERYAES - FHEUEHRES Mathematica {E[E]

ContourPlot[Cos[x-2t],{x,-10,10},{t,0,20} ]
Plot3D[Cos[x-2t],{x,-10,10},{t,0,20}]
ContourPlot[t+Cos[x-2t],{x,-10,10},{t,0,20}]
Plot3D[t+Cos[x-2t],{x,-10,10},{t,0,20}]
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(a) ST © U (s) + 0,0 (s)= P(s) -
U(s)= 7= 0)
Bl H(s)=—— °

2
s* + o,

() BB K h()=—sinor

RAWAEEAE R TR 2R [CEHE © U (s) - su(0) +0,°U (s) = P(s)
1 u, ,
U(s) = WP(S) +m

B > KRG u(r)=h(t)* p(t) +u,cosaf -

) I T i«-&:«i«"«%i“‘"&é%ku'& S RNV EO R A 25 i




(a) "REE ="(5,-3,-3} -

-1

-2

RefmE=|-2,[0|| 1

1

0

-1 3
(b) WHIERP=|-2 0

o

FSHTE20E - SREERE

[P:I]=|-2 ©
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oV ] Green’s 3 @ﬂxwm+gxw@ ﬂe———mm

FR=-[ [ 2pdyte =972 © CASEBSIEBESH 5 60K 73 > SUAEHUESE)

S, kg e general sl s of the tollowing difterential equati
{2y x°¥ +{x XY ~2x y={ 200
i | i ¥
BiaX VYeE dX —+ e 131'&%&’% U FHOYA
o —
[#21~]

(@) x*p"+(x’ —3x)y'-2x’y=0

HATIRIRE  STRBELAY  y=Dex  RAFER
FRIFEEIEE © r-04

[r =0 » B — 0 FE -

SEEZE L y(x)=Cx'(1-x"/6+x"148+.)+(1-x"/2)C, °

(D) /—TEIEE M TR BUFE R © xye’ =c -
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[#er]

(2) M1 ACBREE > SRAIE AR

[Iz1= = [Jx* + 3 (dx +idy)
C C

i

—J. ldy :OO

—i

(b) 1 ABC B&1E - BRFHHREAE
I|z|a’z:j|rei9|d(rei9) (r=1)

= [1eie"dg =i "4 e
C

37/2

0 /2 .
=¢' ‘ =2j
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& Badve s diilherensn Sdanhon: i, o i £, %

3¢
A i}

Fa . o o Limrn o
it yles 0, v 50 and st )= L {25%
: & [ -

a2

[#er]

o O witth boandary condiions)

(1) FRESEERFEe B0 - ZAH B EE - Jolf x 1 - ([BREEHEE 2 AN -
BAMAIE y HE s 1% o BRI wb K sin pREL T H y A EDREERR - FTLUS AR

WRFRE - A e e -
< u(x,y)= XY () -

E S

Y Y
X"+ AX =0 X(0)=0
Y"—AY =0 X () {FAE

QS RREE AR x Ji1
FhEts o AL A=k X =sinkckeR -

(G) A=K LAY "-AY =0 >

gy Y =D(k)e” +C(k)e™

A u(x,0)=AR= D(k)=0 > FTLUEETLIER
RS u(xy)= [ (CR)e™ )sin kxdk

@) fRA =0 IIERMEE - u(x,0)=f(x) -

f(x)= jo‘” C(k)sin kxdk

Ck) = % [ Fx)sin docdy

2 el 2
= ;IO lesin kxdy = E(l —cosk)
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Joobowitd p==Ccoshxsiny isa g}ﬂﬂm sible
}'

furction that 15 2 conjugate |

[#er]

oteatial function (3% and i correspo

L 1
srmonic function corgsponding o the potentisl funetion, (8 :-,.g

EL? Lhe -y

(a) Vg= —¢ g =0 » A7LL ¢ /5—( potential function o

(b) fEHHAEHE RS -

a—QJ:ﬁ:Csinhxsiny

o0y 0Ox :
a—Q)z—%:—Ccoshxcosy

0 x 0

B/ B[S ¢ ¢p=-Csinhxcosy+D,(DeR)

Soive by power series: please show e indicial souation (8

(iern] FIAREERE LR A

Sk HAERR 15 ERYREE R - 5525 -

A lmxhonsdelmedas S = B rgwand =g, oy rad st owith s nend of 29
i iw i funotion even o oddP 1290

{a Fand is Fourtes series {139

(1) ey -

2) W1 =21 > FILMEISEGSE : /(1)=

a, = i [* (e = i [[et = %(e -1)

o0
dy, Y d, COSAT

1

4 A second-order ordinary Jdifferential cqumion TODE iy ;.?;iw;:rs ad 27yt ) Tt

b ] Uhe cormenpmnding soligion {109,
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2 T 2 T,
a, = gj._” f(t)cosntdt = ;J.O e' cosntdlt

_ zRe J'”etez'ntdt:| _ ERG |:J'7re(l+z'n)tdt:|
L 0 0

T

2 . +inyr
- 1+in‘0 =(1+n2)”Re[(l+ln)(e(l ) _I)H

7 e(1+m)z T

G A Toweed pesil nbion svaies s svevemied by v e = F iy
. : L E ;
{13 What 25 the naturad frequency of the svstem? (256

43 What s the homogeneous solution? (3%
33 o the drivi *a“ P s %*i\ﬁ“ by the function of proddens 5, state the method and procodure o ru wk e

i
! i ik
particular solution, [Nete; The compleie exprossion for the partivalar sedution is aet recuired 1 15%)

[#er]

BT £ (1) = a, Y a, cosnz » FATTRER 1 -

1

W B e, ar, » B TTRR R MTREAIAR -
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= 114 BLgHREATAEERRLTER LS HRE
RETAEA] L ARIERRFE-Z- - TH

(1)
(8) Determine a(x)so that by a change of variable y = a(x)u(x) then the

equation
Y'(x) + 2xy'(x) + ¥(x) = 0
becomes
u"(x) + r{x)u(x)=0.
What is #(x)? (15%)
(b) Solve xy"(x) - y'(x) - 4x> y(x) = 0by setting x = 1'% (15%)
€N
(a) PRAINBREEA - < y=a(x)u(x) -
TERAT 22507 A= fUAJR ODE » 1ft5
an"+2(a'+ xa)u'+(a"+ 2xa'+ a)u =0 >
RIBREE - 18 F 0w+ ru = 0 RS » Hla'+ xa=0 >

ﬁ@%": a:efxz/z o

Nor(x)=a"+2xa'+a= Xl 7

(b) RAESEIE - Sx=1"1=x>

NEY S dy dy dt dy
e FH R EE N Y =2 =Dx-—
FERSRIREE AR === 2

13



dy _d (&) d () d) b, d(d

dx*  de\dx) dx dt dt de\dt)
2

_2d_y 2x d [d_yjﬂ_zd_y+4x2d_y

dt dt\dt )ax ~dt dr*

2

Ll ERR - AR ODE » o5 : il tzy _

v F/4= K] _ t -t _ x? —x?
%5[: ~5 ) —Cle +Cze —Cle +Cze

(2)

(a) Evaluate the line integral

j(x+y)dy

where ¢ is the ellipse (x/a)” + ( y/"b}z = lclockwise. (10%)

(b) Evaluate curi(n divu) whereu=xi+y j+z k. (10%)

[#er]

(a) {3 PP/ Green’s SETH! : @ﬂxwm+gxw@ ﬂe———mm

[FHl= ”ldxdy =mab °
R

(b) Vx(1#Vei)=V x(31i) =3V x(xi+ yj+zk)=0

(3)

(a) Find the derivative of [ = xyzat the point (1,3,2)in the direction of the

vector 2i — k . (10%)

(b} What is the maximum possible directional derivative of f =

(1,3,2) and what is its direction? (10%)

Xxyz at the point

14



[#2R]
(@) V(xyz)=yzi+xzj+xyk > @(x,y,2)=(1,3,2)

FEE o) E=6i+2j+3k °

o Zin-ﬁ:(6i+2j+3k){2i_kj 0
A

-
(b) M RAYITIA] ¢ 6i+2)+3k

4
; Bessel's equation of order zero is
x°"(x) + xy'(x) + X7 y(x) =0
One of the solution is
:*:.2 x4

Jolx)=1- e —— 4,
o{x) PR

The second solution exists of the form
Jo(x)Inx + Ax* + Bx* + ...

Find the two coefficients Aand B (15%)

[ier

[\

RIS 8 AR ¢ J, (x)lnc+ A6 + B+ ARATTRES -

SR szO"(x)er]O'(x)erzJo(x):O ]
HFF (—1+4A])x2+(%+A+16B)x4+0[x]5:O ;

T -

3
A—)l,B—>—— °
4 128

_ﬁo

15



(3)

(a) Find values of a,b and ¢ so that
f(z)=—x* —Ewly%yz +i(ax? +bxy +cy?)
is entire. (5%)

{b) Evaluate

‘f e''%sinz i
==t (€7 =1)(z~-2)

(10%)

[FER]
(@ f(z)=u+iv >
A2) Rl Prllra B sPE-E 2% -

v _u_ 2x+3y=bx+2cy >b=-2,c=3/2 >

y
v__on_ x-2y=2ax+by=>a=-1/2 °

ox oy
(b) TRIZHBEH

e sin 2} .

Jﬁfﬁzzme(z):zmx( —
o

16



B O ok RBRO9RF E A LA RAE WML
FrRl D A ARLIFERE LY Hila( )
) 3R MR T A T4
Xy'-y - (3tx)X €= ye=o yw=2ze
(20%)

[#er]

RETREAERH R vy =Gx" +xe” o JE DA R IR MRS T2 -
TERETRNERR © y=c +ex® >
FAARE (BRSEE) FRRE -

o 4
v, =] w(#.0,) by w(#.0,)

J. 3x +x )e X’ (3x +x4)

e+ X de (ERZTEIRITR)

= x’e"

3)%" Xf-;% ; 7}:: '% 8

t z
X -zx-3y=ze . XoO=-%
ot
,...x +7?.‘47 ::5& - 7{0} = :’é“’

2% sk Ly oo +y= 7
e’k’f“ X(=) )’{z.) ¢ (2-0;;;)

[#er]
AR FH AR TS AU

x[t]=2&* +2x[t]+3y[t], ¥ [t] = 3&> + x[t] + 4)[t]

17



2
—+sX[s]=
3 [s]

2 +2X[s]+ 3Y[s],—l+ sY[s]=
-2+ 3

X[s] - -19+2s ’
3(-5+s)(-2+s)

Fls] > —— 25
3(-5+s)(-2+s)
X[t]— 5(—5621 n 3651),)/[2‘] N %(_2521 n 3651)

BI&K x(1/2) - y(1/2) =-

ik ® s 49 %
5

[#er]

v =P 0Q 0R Ly oy,
ax ay 0z

B SIS e

gﬁ.ﬁdAzjij(v.ﬁ)dujip(xz+yz+Zz)dv |

. 32 324
_ _[02 IO j023r2r2 sin@dOd¢ = 3?(2)(2”) =

— T o

S X[s]+47[s]
-2+

9 B xiryv2i=4 ) F
F 4y 7 é ’{C % F- (XN?S),M(%?L;;);}%G@%

f?
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(30%)

p\d

[#er]

A BHEE Ry IR A

FITBA A FVFR=3
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B3 e RO FEAR LA RAR RS

PR AARIBL R LE Avn(—44)

Q‘-% ; p ,
‘7?‘% /f}ﬁ@’%"‘b’fig 42%+5tfx)?m f{x)fjéﬁ{x)ﬂ-“%’
7

}{x}::. W‘F?” X

(3R] AER— PRI s = R AFUA

eI adxy:I eI adxfderc

xzy:J‘ 2Sinx3y:—(;ozsx+é
RATTHAIEE y(x ):ﬁi B DA ¢=0 -
HOER Ry © y= 00

X

Y 4hg &+ gz dF :
LD A 4% T =00 4939 4944 4 A
» ’
‘j{a)i‘: Jie)=o0, ?ﬁf 5 Jt2) ’f‘ffi Divac delta
(i;‘ %{ ) ’%ﬁ 2 Lm}pfﬂmﬂ, “&mwfwm % 3% %k 3(’#)‘

(285 %)
[#72~]
PR AT S A K R ¢+ SR A
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e—2s

szY(s)JrY(s):e’zs :>Y(s): )

FHUS 8 A
y(t)=sin(1-2)u(1-2) °

A
@) @5 13 BB £ x-0 @fﬁé y 13
(255)
(ST 8 P B M B 5
_O¥[s]+ s*V[s] = %
Y[s] 12

%
(-3+5)°(B+s)

MU x> 5o (e +6e™) -

21



B 3t A L)L S RE A - BEAE A XK NE
Attt ATRELRT @

L RFA#AHA:
(a) (y—1)dx+(x—3)dy = s,m@m“ (10%)

() {1+2x* +dxgpldx+2dy=0.  (104")
(F21] (EAZBEREUERS © n(3-x)+In(l-y)=c >

RARFRE G =0

1

)R ARy 72 - S Lioge -
AR "y = [ (v e o By =T

2. (a) KFylser2 456040 (eigenvalues) R 4564 & (eigenvectors) - (10 4)

6 10 6
0 8 12
0 0 2
»] [2 1x , . .
(b) Al P S F H 45 (principal values ) 2 % k% & (principal
2 4

directions )+ (10 %)
[#77~]
(a) A=Ak > Pl ALETE > AR EE=8,6,2 -

HENREIRE TR A - |1

22



@)%@@43,%@mﬁﬁmﬁﬁﬁ%:ﬂ&ﬂo

1

3. (a) KFHfx+2p+z=3FfF@molx-y+3z=-42 %K (104)
(b) —# P= 37 —6k N » 4% (line of action) ifiB¥E(1,8, 1) HibH
$HI5(4, 6, -1) A48 (moment) B4 7 3% (unit of length=m) (10 4-)

7]
(a) PR R ST HE © (1L2,1) > (2-1,3) »

E%E§W%’ﬂ%%$%%:myG£ﬁjo

) FEE : F=(181)-(4,6,-1)=(-3,2,2) °

JJHEM =F x P =(~12,-12,-6) (N—m) °

4, KTFoesan FREZER -(204)

PD.E: u,;:-!-uwm(), O<x<nm, O0<y<b

B.C? w0, y)=u(m,y)=0, O<y<bh
u(x,b)=0, u(x,0)=3sinx, O<x<nx

€N
RS AL TRER - AR R EUER L (255E#RF 24 )
Ry u(x,y)= icn sinhnysinnx

FRAFIAGEIREE © u(x,0)=3sinx

HIFF e

23



5. RBHAHIE f(O)=E+1)" z=x+iy ZEHBEHN 5=
(ul(x,y) and v(x, y) )3 & ¥ 4o & F(harmonic function) = (20 %)

[#er]
f(z):u+iv:(l++2x+x2—y2)+i(2y+2xy) ’

SRR Vi = Vv =0« BT DA -

24



R N SR o R e L R W
A2 A AT RS R LA

1. Interpret the physical meanings of Fourier series and Fourier transform, respectively. (10%)

[#er]

2. Solve the following partial differential equation and discuss
the corresponding eigenvalues and eigenfunctions:

o*u _ o0%u

oz ox?
with boundary conditions: u(0, t) =0, u(l, t) = 0;

-G (G: the acceleration of gravity)

and initial conditions: u(x, 0) = f(x) and ux, 0) = 0,
(27
ST DR R R
CER AT S M TRt BT AR - FEHEES] G)

A

EASH RS 225 -

3. Ewvaluate

f dx

@ (x—1)x* +3) (10%)
[#2<]

(EJEERE] GOisHE

B = 27i x{@ﬂ%(&)} — i x([%} +[%+$D _ _% .

25



4. Solve the following equations.

(@) ¥ +2¥ +2y=0, p(0)=-y(0)=1.

ot )
by YO =t+ jﬂ y(@)sin(t -a)da. 0%

(327
(a) {35 P H A M 0

2y[11+2y[1]+y'[1]=0

1—s+2Y[s]+sY[s]+2(=1+sY[s]) =0
I+s

24+25+s°

V[t]— e 'Coslt]

Y[s]—

(b) {3 FE L e e i -

t]=1t+ jSin[l —thirldr

Y[s]
s* 1+s?
1+s°

Vls]= -+

Y[s] -

IS
l>t+—
V] S

5. Know that a matrix A, then to
(a) evaluate the inverse (if it exits), and (b) find a basis of eigenvectors and diagonalize. (20%)

00 1
A=[0 2 0
30 0

[#er]

Lo T o5 B o]
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SZFARE < |0

O =

1] 1
o] F ||
A =2, 3B EE = 1], 0 || 0
0| 1 1
o L L] 0 1 0
V3 B
SRR P=1 0 0 |,P= -~ 0
o 1 1
Byl
- y L2 2]

HrEfbp'ar=1 -

6. (a) Describe the divergence theorem of Gauss.

(b) Evaluate 7 = J. 3xdydz — x” ydzdx + x*zdxdy, where S is the surface of x* +y* +2° =1. (15%)
s
[#72~]
(a) Zefi—47Ee- -5 (piecewise smooth) o] & [al FVEEARE S Bl&— (=2
B Vo Fnp,2)=P(x,y,2)i +O(x, p,2)] +R(x,y,2)k » Ffr I S g
AT - — [ RSy S > RIA

qﬁﬁﬁ-ﬁds=jﬂ(v-ﬁ)dv

gﬁﬁpdydz + Qdzdx + Rdxdy = m(ap 0,

xo”y

Ry ixdydz
a

27



P, 0Q R _

_3 ’
ox 0y 0z

(b) V- F =

e - pF - Ads = [[[(V- Fydv -
S v

FUEER 4r -

v

28



Bl P BAL9LF EAIE A ZREAM
R kS22 HE

1. Please find the set of differential equations
2dy/dx -3y +x=4¢'
y + 2dx/dt - 3x =0

[327:]
7 *Lmﬁﬂcpm  EZAETE B % :
FRIBEIERIYGE S © 2x[1] == 3x[1] - y[112y [f] = 4&' — x[t]+3)[1] >

(VIR Ve
31 ReEE ={2,1)

|2 2 T -11]1
=% %ﬁﬂzﬁ%—LHJ

P2 %?%E@P{_ll/g xﬁ
é\m: pH  RATRER - & % {i ?M Ll//f M{ }
dt

ity e o 7 |=p) | bR
] > & +&'t+ ;e’C[l]Jr > 2’C[1]+— ‘C[2]-— 2’C[2]

V[t]—> —&' + &'t + ;elC[l] 5 2’C[l]Jr e’C[2]+ ezzC[Z]

(15%)

2. Plane C crosses the intersection of Plan A (x+2y-3z=0) and Plan B (x-y+z=1). In

addition, Point A (1,2,1) is in Plane C. Please determine plane C.

[#er]

(15%)

29



%T&‘A quzﬁﬂ/jﬁcg% x-2/3 y+1/3:

z
4 3

BEACERITIA B (14.3) 0 SUGHb—Bik.(12,1) -

’

KA — SRR —RHY P R
(Gt PrErARE - BRI (F-5)N=0)
B - 3x-2=2 o

3. Please theory of residues to find the value of j’[ - 2%’ -3 (15%)
Joxtesxt 4 4

[(F2r] FEATRE Boe
Fiat = L[ 2= omi[ R0+ R())

o x* +5x% +4

. . . . -11 -5 T
= TTi X [R(21)+R(1)} = 7Ti X {41.(_3) T+ 3(21.)} - E o

4. Use the Laplace Transformation to solve the boundary value problem
y' 2y ty=0, y(0)=0, y(1)=2 (15%)

[#2<]
% y'(0)=c

MA+2y [+ y11=0

H i PR it

—c+Y[s]+2sY[s]+sY[s]=0
c

(1+s)
U8t =y > ce't

Y[s]—

TJGAy(l) =2 ﬂ?ﬂaﬁ c=2e¢e=> y(z) = 2fe M
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6. For an isotropic, homogeneous elastic body in plane strain with no body ﬁi}meﬂ:
the stress components oy (i,j=x,y) satisfy the following relation
oy IO
L . Ay
X ¥
o oo,
] == [
& w
gt &
(st oy + O )=10
& gt =Ty
Try to show that (1) the stress components can be expressed in terms of one
stress function @ and (2) this stress function is biharmonic. (20%)
[#2<]
P
., 0o, OO oo oo faleg GRS R
_xy — O X Xy XX _ 3
FeA P > oy = &y
8GW _ do, o, &0 _ o
A =025 =27 o % o

LA ERZAA (— + —j o.+0, ’

2
:{a +azj(aq> aq>j 0=>V®=0 >
oy \Oy
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